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Abstract:

This study deals with the basic concept of fuzzy sets. This study reviews the operations on
fuzzy sets and numbers, it also discusses how to relate fuzzy sets and fuzzy numbers. It also focuses
on the main idea of fuzzy relations and the projection of fuzzy relations.
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1 INTRODUCTION:

A class of objects of degrees of membership with a continuum is defined as fuzzy sets [1] and [2].
For instance, a set is described by a membership function that appoints for every object a membership
degree between 0 and 1 [3]. The notions of all operations such as union, intersection, complement,
relation, convexity, etc. are extended to such sets, and various properties of these notions are
established in the context of fuzzy sets. Fuzziness occurs when the boundary of information is not
unique. Fuzzy sets as an extension of the classical notation for a more detailed look at [4], [5], [6],
and [7].

The classical set theory allows the membership of classically the set-in binary terms. Fuzzy set theory
IS giving permission membership function valued in the interval [0,1]. In particular, a separation
theorem for convex fuzzy sets is proved without the need for the fuzzy sets to be disjoint [1] and [4].
In most cases, the classes of objects that occur in the real world do not have well-defined criteria for
membership. For example, the class of animal dogs, horses, birds, etc. as their members, and clearly
such objects as fluids, plants, rocks, etc., are not disjoint. However, objects such as viruses, bacteria,
and starfish which have an ambiguous status in relation to the class of animals.

In spite of this fact remains that such imprecisely defined "classes"” play an important role in human
thought, especially in the areas of pattern recognition, information transmission, and abstraction. The
aim of this study is to figure out some of the basic properties and implications of a concept of fuzzy
sets that might be useful for dealing with classes.

The paper is organized as follows: The concept of fuzzy set and some related definitions are discussed
in the next section. a-Cuts and Decomposition Principle, Cartesian Product, fuzzy numbers with their
operations are given in Section 3. In Section 4, Fuzzy Numbers in the set of integers is discussed.
Section 5, Fuzzy relations with some applications are defined. Section 6, some conclusions are drawn
and suggestions for future research are given.

2 Fuzzy Sets

To clarify the fuzzy sets, let us introduce some examples such as Words like young, tall, good, or
high are fuzzy. There is no single quantitative value that defines the term young. For some people,
age 25 is young, and for others, age 35 is young. The concept of young has no clear boundary. Age
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35 has some possibility of being young and usually depends on the context in which it is being
considered. Fuzzy set theory is an extension of classical set theory where elements have a degree of
membership. The meaning of fuzzy is not clear, let us discusses fuzzy set x = All students in class,
S = All good students, S = {x: Mg(x): x € X}. Then, the fuzzy set is
Mg(x1) Mg(x2)

! e}
Hence Mg(x) is measurement of good students.

2.1 Fuzzy sets membership functions
A fuzzy (sub)set A on the universe X is a set defined by a membership function u, representing a

mapping. u4: X — [0,1], Here, the value of 4 (x) for the fuzzy set A is called the membership value
of x € X. The membership value is indicated to the degree of x belonging to the fuzzy set A.

S={

2.2 Expression of fuzzy:
» Discrete expression (when the universe is finite): Let the universe X be X = {xy, x5, ...., x,}. Then,
a fuzzy set A on X can be represented as follows:

n
A= pa(xq) /%1 + pa(xz) /22 + -+ pa () /%0 = Z ta (i) /x;

i=1
(Membership value of the first element)/(the value of the first element)+ (Membership value of the
second element)/(the value of the second element)+...+ (Membership value of the nth element)/(the
value of the nth element).
Continuous expression: (when the universe is infinite): When the universe X is an infinite set, a
fuzzy set A on X can be represented as follows.

A= qu(xi)/xi = f(Membership function/Element variable)

[ is used as an extension of Y, to the continuous world, and it has no connection with the integral.
There are two other rules for the discrete expression:

i- When the grade of membership for an element x' is zero, that is u,(x") = 0, we do not write 0/x’
but we can omit the term.

ii- If there are several values assigned to one element of the universe, we can take the maximum value
to represent the membership value.

Example 2.1: Trapezoidal fuzzy sets:

The trapezoidal fuzzy set can be expressed by the infinite expression:
2

24 +x Y4 —x
Bzf ( )/x+f 1/x+f (—)/x
-4 2 -2 2 2
Next, let us think finite expression. If X is given as
X ={-5,-4,-3,-2,—-1,0,1,2,3,4,5}
The finite expression of the fuzzy set B will be
B=05/-3+1/-2+1/-1+1/0+1/1+1/2+0.5/3.

2.3 Normal, convex, and scalar cardinality
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Let A be a fuzzy on the universe X. A normal fuzzy set, a convex fuzzy set, and the cardinality of a
fuzzy set are defined as follows.
e Normal fuzzy set: the fuzzy set A is normal if max f, (x)=1.
X

e Convex fuzzy set: the fuzzy set A is convex if Vx; € X,Vx, € X,VA € [0,1]
pa(Axy + (1 = D)xz) = min(uy(x1), 1a(x2))
While, if g4 (A1 + (1 — Dxz) < Max(pg(x1), ua(xz))
It is called concave fuzzy set in this case.
e Scalar Cardinality: when X is a finite set, the cardinality of fuzzy set A on X is defined by

A= 1a(®)

XEX
e Relative cardinality: the relative cardinality of fuzzy set A on X is defined by
Al = Ll
|1X1
Where |A| is the cardinality of A and |X] is the cardinality of the universe X.
Example 2.2: Suppose two fuzzy sets A and B are given by the following arrays.

Name of array A

A[0] A[1] A[2] A[3] A[4] A[5]
0.5 0.9 0.7 1 0.7 0.3
Name of array B
B[0] B[1] B[2] B[3] B[4] B[5]
0 0.4 0.8 0.7 0.2 0

To judge if a fuzzy set is normal, we find the maximum value of the array and check if it is equal tol.
Because the maximum value of the array A is 1, fuzzy set A is normal. On the other hand, because
the maximum value of the array B is 0.8, fuzzy set B is not normal.
The judgment of convexity is not as straightforward as that normality. To check the convexity of A4,
we start from the first (leftmost) element of the array, we compare the sequentially. We observe the
relationship for the first few elements as
Ali] < Ali+1],i =0,1,.
If we preceding inequality no longer holds at an i-th element we store the subscript i, we note that
A[1] > A[2]. Therefore, we store the subscript 1.
Next, from the last (rightmost) element of the array we compare the adjacent element in the reverse
direction. We observe for the first few elements of the search the following inequality holds:
Alil = Ali+1),i=kk—-1,k—-2,..

Here, k is the largest subscript.
we note that A[2] < A[3]. Therefore, we store the subscript 3. If the subscripts stored in the preceding
operations are same, the fuzzy set is convex. Here, there are two subscripts are different in array A,
fuzzy set A is not convex, whereas the fuzzy set B is convex.

Cardinality of fuzzy sets A and B are:

4] = ZMA(x) = 0.5+09+07+1+07+03=328&|B| = ZMB(x) —21

XEX XEX
The relative cardinality of the fuzzy sets And B are
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3. 1

2.4 Fundamental Operation of Fuzzy Sets-Union, Intersection and Complement
e Union of fuzzy sets A and B: Union A U B of fuzzy sets A and B is a fuzzy set defined by
the membership function: paup = Ha V Up
Ha  Ma = Up

U Ha < Up
e Intersection of fuzzy sets A and B: Intersection A N B of fuzzy sets A and B is a fuzzy set

defined by the membership function: psng = g A Ug

Ha Ha = HUp

U  Ha > Up B
e Complement of fuzzy set A: complement A of fuzzy set A is a fuzzy set defined by the

membership function: uz; =1 — u,

Example 2.3:

Suppose two fuzzy sets A and B are given by the following arrays. Name of array A

A[0] | A[1] A[2] A[3] A[4] | A[5] | A[€] | A[7] | A[8] | A[9]

0 0.1 0.6 1 0.6 0.1 0 0 0 0
Name of array B
B[0] | B[] B[2] B[3] B[4 | BI[5] | B[6] | B[7] | B[8] | B[]

Where u, V ug = { ,Ua V g Can be written as max{uy, ug}

Where uy A ug = { , Ua A ug can be written as min{u,, ug}

0 0 0.1 0.4 0.7 1 0.7 0.4 0.1 0
Then,
AUB = 0 /01|06 1 0.7 1 0.7 0.4 0.1 0
ANB = 0| 0 |01 0.4 0.6 0.1 0 0 0 0
ui= |1]09]04] 0 0.4 0.9 1 1 1 1
Ug = 1/ 1 |09 06 0.4 0 0.3 0.6 0.9 1

2.5 Properties of fuzzy sets
Let A, B and C be fuzzy sets on the universe X.
i-properties valid for both fuzzy and crisp sets:
e Idempotentlaw: AUA=A4A & ANA=A
e Communicativelaw: AUB=BUA & ANB= BNA
e Associative law: AU(BUC)=(AUB)UC & AN(BNC)=(ANnB)NnC
e Distributivelaw: AU (BNC)=(AUB)N(AUC) &ANn(BUC)=(ANB)U(ANC)
e The law of double negation: 4 = A
e DeMorganslaw: AUB=ANB&ANB=AUB
ii- Properties valid for crisp sets. but in general, not valid for fuzzy sets.
e The law of exclude middle: AU A = X
e The law of contradiction: A n A # @ , Where @ means an empty set.

2.6 Equality and inclusion of fuzzy sets:
Let A and B be fuzzy sets on the universe X.

e Equality of fuzzy sets: the equality of fuzzy sets A and B is defined as
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A =B & uu(x) = ug(x), Vx € X
e Inclusion of fuzzy sets: the inclusion of fuzzy sets A in B, or A being a subset of B, is defined
aSsAcCBous<ug VxeX

Fuzzy sets A and B are equal when their membership values are identical. Similarly, A is included in
B when all the membership values of fuzzy set B are equal to or larger than the corresponding
membership values of A.
Example 2.4: Suppose two fuzzy sets A and B are given by the following arrays.
Name of array A
A[0] | A[l] A[2] A[3] A[4] | A[5] | A[6] | A[7] | A[8] | Al9]

0 0.1 0.6 1 0.6 0.1 0 0 0 0
Name of array B
B[O] | B[1] B[2] B[3] B[4] | B[5] | B[6] | B[7] | B[8] | B[9]

0 0.1 0.6 1 0.6 0.1 0 0 0 0
To judge the equality of the preceding fuzzy sets we compare each corresponding element and check

if they are equal: We notice: A[i] = B[i],i = 0,1,2,...,9
Therefore, A = B. Also, if two fuzzy sets A and B are given by the following arrays. Name of array
A

A[0] A[1] Al2] A[3] Al4] A[5] | A[6] | A[7] | A[8] | A[€]
0 0.1 0.5 0.9 0.5 0 0 0 0 0
Name of array B
B[0] B[1] B[2] B[3] B[4] B[5] | B[6] | B[7] | B[8] | B[9]
0 0.1 0.6 1 0.6 0.1 0 0 0 0

We notice that: A[i] < BJi],i = 0,1,2,...,9. Therefore, A c B.

3 a-Cuts and Decomposition Principle
e Consider a fuzzy set A we can define the following a-Cuts. Strong e-cut: A, = {x|u,(x) > a},a €
[0,1). Weak a-cut: Az = {x|us(x) = a}, a € (0,1]. Weak a-cuts are sometimes called a-level sets.
e Decomposition principle: using a-cuts we can here decompose a membership function p,(x) into an
infinite number of rectangular membership functions (& A X, (x)or a AX,_(x)). When we
aggregate these rectangular membership functions and apply max -operation- the original fuzzy set A
can be obtained:

pa(x) = nax, [a A Xy, (x)] = Je“(ao,’i][“ A Xaz (X)]
Where, X, is a characteristic equation of the set A,.
Example 3.1: Suppose a fuzzy set A defined by the discrete expression:
A=02/1+05/2+0.7/3+1/4+08/5+0.4/6+0.2/7.
If we apply Weak a-cut for },« € (0,1], from 0.1 to 1with the step width 0.1, we get the following
a-cut:
Azt = A5 = {1,2,3,4,5,6,7}, A53 = A5z = {2,3,4,5,6}, A= = {2,3,4,5},
Ase = A = {3,4,5}, Ass = {4,5}, Ags = A7 = {4}
Now let us try to reconstruct the fuzzy set A using these a-cuts. First, we rewrite the a-cuts by discrete
expression of fuzzy sets as follows.
Ass=1/1+1/2+1/3+1/4+1/5+1/6+1/7.
Agz=1/1+1/2+1/3+1/4+1/5+1/6+1/7.
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Aoz =1/2+1/3+1/4+1/5+ 1/6.
Asz=1/2+1/3+1/4+1/5+ 1/6.
Ass=1/2+1/3 +1/4 + 1/5.
ss=1/3+1/4+1/5.
57 =1/3+1/4+ 1/5.

s5=1/4+1/5.
Ass = 1/4.
A = 1/4.
Here, because A57 is given as A;7 = {1,2,3,4,5,6,7},bif we focus on the value of the characteristic
equation, we note that X, _(1) = X,_(2) ==X, _(7) =1

Next, we calculate a A X,_(x). Assume x; = 1,x, = 2,..,x;, =7o0rx; =i, i =1,..,7
If we denote a fuzzy set A~ that has a A X,_(x)as the membership value, we can calculate A- as

(04
follows:
7

Ax = Z([0.1 A X ()] /2) = [01 A Xy (e)] /20 + -+ [0.1 A X, (x)] /%7
i=1

=0.1/1+0.1/2 +0.1/3 + 0.1/4 + 0.1/5 + 0.1/6 + 0.1/7
7

Ax = Z([0.1 AN X ()] /2) = [01 A Xy (o)) /20 + -+ [0.1 A X, (x)] /%7
i=1

=0.2/140.2/2 +0.2/3 + 0.2/4 + 0.2/5 + 0.2/6 + 0.2/7
7

A = Z([0.1 AXp ()] /%) = [0.1A X, ()] /ey + -+ [0.1 A Xy ()] /%7

=0.3/2+0.3/3+0.3/4+ 0.3/5 + 0.3/6
7

A = Z([0.1 AXp ()] /%) = [0.1A X, ()] /ey + -+ [0.1 A X, ()] /7

=0.4/2+0.4/3 4+ 0.4/4 + 0.4/5 + 0.4/6
7

A+ = Z([0.1 A X (x)]/x) = [01 A Xy (e)]/x0 + -+ [0.1 AKX, (x7)]/x7

=0.5/2 + 0.5/3 + 0.5/4 + 0.5/5

A = Z([m AXa (x)]/x;) = 0.6/3+0.6/4+0.6/5

0.6
AOL = ) ([0.1A X, (x)]/x;) = 0.7/3+0.7/4+0.7/5
7 - :
1;1
A% = > ([0.1 A X, (x)]/x;) = 0.8/4 +0.8/5
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7
Ax = Z([o 1A X, (x)]/x;) = 0.9/4 &A + = Z([o LA X, (x)]/x;) = 1.0/4
0.9
i=1 i=1
Calculating the union of the preceding the fuzzy sets we get the original fuzzy set A

U A* = U Z([QAXA (x)]/x)

a€(0,1] a€(0,1] i
=0.2/1+0.5/240.7/3+1/4+0.8/5+0.4/6+02/7=A

This can also be written as p,(x) = rg(%% [a A Xy (X)]
a )

Example 3.2:

Suppose a fuzzy set is given as

A[0] A[1] A[2] A[3] Al4] A[5] | A[6] | A[7] | A[8]
0 0.1 0.6 1 0.5 0.1 0 0 0

The a-cuts are calculated by processing elements of A so that, If « < A[i], Ali]=1,i=0,1,...,8,

otherwise A[i] = 0.

Fora = 0.2, a = 0.6, and a = 0.8, resultant

A;= will be

Lo [ o [ 12 | 1 [ 12 [ o Jofo][]o|]
Ao will be

L o [ o [ 1 | 1 [ o [ o Jofo][]o|]
Ay will be

Lo [ o [ o | 1 [ o [ o Jofo][o|]

3.1 Extension Principle

Consider a mapping from a set X to another Y such as f: X — Y. Here, let A be a subset of X. Then,
f(A) = {yly = f(x),x € A}. Is called the image of A by f. Note that f(A)is a subset of Y. Similarly,
let B be subset of Y. Then, f~1(B) = {x|f(x) = y,y € B}. Is called an inverse image of B by f.
f(B).

» Extend mapping f: X — Y to relate fuzzy set A on X to fuzzy set B on Y:

sup pa(x) 1) # @
Hray(y) =§7=I®
0 ffo) =29

When fis one to one mapping, we can write the preceding relation simply: pir 4y (y) = p4(x)
Example 3.3: If y = 3x + 2. Using fuzzy sets and extension principle, let A be the fuzzy set that
gives about 4 such that: A = 0.5/3 + 1/4 + 0.5/5. Also, define x; = 3 x, = 4, x3 = 5sothat: y; =
3x; +2,i =1,2,3. To get f(A) for fuzzy set A as follow

3

) =D kpwOD) /i = )ty (3i +2) /(3% +2)

=0.5/11+1/14 4+ 0.5/17 = about 14
3.2 Cartesian Product
 Cartesian product: let x4, ..., x,be the elements of X,...,X,,. The set of all combination of
(x4, ..., xp,) is called the Cartesian product of X4, ..., X,, and is denoted by X; X ... X X,,.
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» Cartesian product of fuzzy sets: let X; X ... X X,, of the universe X3, ..., X,, and 44, ..., A, fuzzy sets
on Xy, ..., X, . The Cartesian of the fuzzy sets 44, ..., A, can be defined by

Al X ... X An = fX1><...><Xn min(:u'A(xl)l ---:.uA(xn))/(xlr ---;xn)

On the universe X; X ... X X,,.

Example 3.4:

If the fuzzy sets A and B are given as:

A(x) = {(x1,0.2), (x2,0.3), (x3,0.5), (x4,0.6)} and B(x) = {(y4,0.8), (y,,0.6), (v3,0.3)}
min{u, (x1), up(y1)} = 0.2, min{u, (x1), g (y2)} = 0.2, min{p, (x1), up(y3)} = 0.2
min{u, (x3), up(¥1)} = 0.3, min{u, (x2), up (¥2)} = 0.3, min{uy (x;), up(y3)} = 0.3
min{u, (x3), ug(y1)} = 0.5, min{u, (x3), ug (y2)} = 0.5, min{u, (x3), ug(y3)} = 0.3
min{p, (x4), g (y1)} = 0.6, min{u, (x4), p(y2)} = 0.6, min{u, (x4), ug(y3)} = 0.3

02 02 02
_lo3 03 03
AXB=l0s 05 03
06 06 03

3.3 Fuzzy numbers
» fuzzy numbers: if a fuzzy set A on the universe R of real numbers satisfies the following conditions,
we call it a fuzzy number
i. Aisaconvex fuzzy set;

ii.  There is only one x, that satisfies p,(x,) = 1

iii.  py is continuous in an interval.
« Flat fuzzy numbers: if a fuzzy number A satisfies the following condition,

my,m, €R, my; < m,, Ua(x) =1 Vx € [my, my]

3.3.1 Operation of Fuzzy numbers based on the extension principle
The operation * of real numbers can be extended to fuzzy numbers A and B on the universe X such
as

taee(z) = i‘ff[”“ (x) A pp(x)]

If we rewrite the preceding expression using fuzzy sets, we get

AOB= [ 1@ ArpGIl/ G )
Where x,y,z € X -

3.3.2 Arithmetic of fuzzy numbers
* Addition: psgp(2) = sup[pa(x) A pup(x)]
x+y
For any two intervals A + B = [ay,a,] + [by, b,] = [a; + by, a, + by]
« Subtraction: pusgp(z) = sup[us(x) A pp(x)]
x-y

For any two intervals
A — B = [aq,a;] — [by, by] = [ag — by, a; — by]
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« Multiplication: usep(z) = supluas(x) A pp(x)]

XXy
For any two intervals
A.B = [ay, a;][by, b,] = [min(a by, a1 by, ay by, ayb,) , max(a, by, ayb,, az by, azby)]
* Division: py/p(z) = SI;P[/JA(X) A pgp(x)]
x/y

é _ [aqi.a;]

1 1
B [buby] [a;, a;]. [b_zlb—l],o & [by, b, ]
Example 3.5: Suppose X = [a,b,c] and Y = [p, q,r] be two fuzzy numbers whose membership
functions are

For any two intervals A: B =

(X —a

Py a<x<b
.ux(X)=<C_x

\c — b bsxsc
w0 ={1"F

=g q<x<r

Addition of Fuzzy Numbers: Then, a, = [(b —a)a+a,c — (c —b)a] and ay = [(q —p)a +
p,r — (r — q)a] are a-cuts of fuzzy members X and Y respectively. To calculate addition of fuzzy
numbers X and Y, we first add the a-cuts of X and Y using interval arithmetic
ayta,=[(b-—a)a+tac—(c—ba]+[(q—pa+pr—(—qa]
=la+p+b-a+q-plac+r—(c—b+r—q)a] (3.1)
To estimate the membership function wuy .y () it is need to equate to x both the first and second
component in (3.1) as
x=la+p+b—-—a+q—plal&x=[c+r—(c—b+r—q)a]
Now, expressing a in terms of x and setting @« = 0 and @« = 1 in (3.1) we get a together with the
domain x.
_ x—(a+p)
b+ -(at+p)
_ (c+r)—x
Tlrn-0+o

a (a+p)<x<(b+q)

(b+q)<x<(c+r)

Which gives
([ x—(a+p)

_)Jb+q)—(a+p)
MX+Y(x)_J (c+r)—x

(c+r)—(b+9q)
Subtraction of Fuzzy Numbers: Let X = [a,b,c] and Y = [p, q,r] be two fuzzy numbers. a, =
[(b—a)a+a,c—(c—b)a]and ay = [(q —p)a + p,r — (r — q)a]. To compute the subtraction
of fuzzy numbers X and Y, it is needed to be first subtract the a-cuts of X and Y using interval
arithmetic

(a+p)<x<(b+9q)

b+g)<x<(c+r)

ax—ay=[(b-a)a+ac—(c-bal-[(q-pa+pr—(—-qgal
=[b-aat+ta—-(r—-(T-qa),c—(c—-ba—((qg—pa+p)]
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=[a—-r)+B—-a+r—q)a,(c—b)—(c—b+q—p)] (3.2)
To calculate the membership function uy_y (), it is needed to equate to x both the first and second
component in (3.2) as

x=[a-r)+b—-—a+r—qlal&x=[(c—b)—(c—b+q—p)a]
Now, expressing a in terms of x and setting @« = 0 and @ = 1 in (3.2) we get a together with the
domain x.

__x—=(a-n
a_(b_CI)—(a—r)' (a—r)<x<(b—-9q)
_ (e=p)—x B i
=g ¢rOsxsC-p
Which gives
((x—(a—7)
I - J—
_e-o-(@-n (@-r)<x<(b-q)
.Ux_y(x) = (C ” p) =
L(C_p)_(b—q) (b—q)<x<(c—p)

Multiplication of Fuzzy Numbers: Let X = [a,b,c] and Y = [p, q,r] be two fuzzy numbers. a, =
[(b—a)a+a,c—(c—b)a] and ay = [(q —p)a + p,r — (r — q)a]. To calculate multiplication
of fuzzy numbers X and Y, we first multiply the a-cuts of X and Y using interval arithmetic
ay*ay=[(b—a)a+ac—(c—b)a]l=[(q—pla+pr—(—qa]

= [(b-a)a+a)*((g—pla+p).(c—(c-ha)«(r - —-qa)] (33)
To find the membership function .y, We equate to x both the first and second component in (3.3)
which gives

x=0b-a)(q-pa*+(b-ap+(q—-pa)a+ap&
x=(c-b)r—qa*-((c—qc+(c—b)r)a+cr

Now, expressing a in terms of x and setting @« = 0 and @ = 1 in (3.3) we get a together with the
domain x.

—(—-a)p+(qg—pla) + \/((b —a)p+ (g —-pa)’ —4(b—a)(q - pap

“= 20— a)(g—p) ap=x=ba
and
—((r —q)c+ (c— b)r) — \/((r —q)c+ (c— b)r)2 —4(c—b)(r —q)cr
a= 2D =) ,bg<x<cr
Which gives
(b ap + (@~ p)a) + (- a)p + (@ - p)a)’ 45 - )(q - Plap
ap < x < bq
pxr () = 2b-o@-p
IL—((r —q)c+ (c—b)r)— \/((r —q)c+(c— b)r)2 —4(c—b)(r — q)cr N
2(c—b)(r — q) a=x=c
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Division of Fuzzy Numbers: Let X = [a, b,c]and Y = [p, q, r] be two positive fuzzy numbers. a, =
[(b—a)a+a,c—(c—b)a] and ay =[(q —p)a+p,r— (r—q)a]. To calculate division of
fuzzy numbers X and Y, we first divide the a-cuts of X and Y using interval arithmetic

ay b—a)a+a,c—(c—b)a B (b—a)a+a c—(c—b)a 3.4

ay, |[(@-pa+pr—(-—qal r—(r—q)a'(q—p)a+p] (34)
To find the membership function uy v () we equate to x both the first and second component in (3.4)
which gives

b—a)a+a c—(c—b)a
X=——"7r"8&X=F7""7"T—"—
r—@—qa (g—pla+p

Now, expressing « in terms of x and setting « = 0 and a = 1 in (4.4), we get a together with the

domain x.
Xr —a a Cc —px

a = ,—<x<b/qg&a= , b/g<x<c
G-at@-nx'r &= rq-px 1 /P
Which gives
Xr —a < <b
b-—a+@q-nx Yrsxshl
,le/y(X)= c—px
b/gq<x<c/p

(c=b)+(q—p)x’
Inverse of Fuzzy Number: Let X = [a,b,c] be a positive fuzzy number. Then, a, =
[(b—a)a + a,c — (c — b)a]. To calculate inverse of fuzzy number X, it should first take the inverse
the a-cut of X using interval arithmetic

1 _ 1 _ 1 1 .
a_x_[(b—a)a+a,c—(c—b)a]_[c—(c—b)a'(b—a)a+a (3:5)

To get the membership function u,,x we equate to x both the first and second component in (3.5),
1

c—(c-b)a &x = (b-a)a+a

Now, expressing a in terms of x and setting @« = 0 and @ = 1 in (3.5) we get a together with the

domain x.

which gives x =

cx—1 1—ax
= o 1/c£x$1/b&a=m, 1/b<sx<1/a
Which gives
cx—1
{(C_—b)x, 1/c<x<1/b
.ul/X(x) = 1— ax
km, 1/b<x<1/a

Exponential of a fuzzy number: Let X = [a,b,c] be a positive fuzzy number. Then, a, =
[(b—a)a+ a,c— (c—b)a]. To calculate exponential of the fuzzy number X, we first take the
exponential the a-cut of X using interval arithmetic
exp(a,) = exp[(b—a)a + a,c — (c — b)a]
= [exp((b —a)a+ a) ,exp(c — (c — b)a)] (3.6)
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To find the membership function pep,(x) We equate to x both the first and second component in (4.6)
which gives

x =exp((b—a)a+a) &x =exp(c — (c — b)a)
Now, expressing a in terms of x and setting @« = 0 and @« = 1 in (3.6) we get a together with the
domain x.

Which gives
w, exp(a) < x < exp(b)
_) (b-a)
.uexp(x) (x) - c— ln(x)
——p exp(b) < x < exp(c)

Logarithm of a fuzzy number:

Let X = [a, b, c] be a positive fuzzy number. Then, a, = [(b — a)a + a,c — (¢ — b)a]. To calculate
logarithm of the fuzzy number X, we first take the logarithm the a-cut of X using interval arithmetic
In(a,) = In[(b — a)a + a,c — (¢ = b)a] = [In((b — a)a + a), In(c — (c — b)a)] (3.7)
To find the membership function ., We equate to x both the first and second component in (3.7)

which gives
x =In((b—a)a +a) &x = In(c — (c — b)a)
Now, expressing a in terms of x and setting @« = 0 and @ = 1 in (3.7) we get a together with the

domain x.
_exp(x)—al()< <In(b) & _ ¢ —exp(x) In(b) < x < 1
= ~0h-a ,In(a) <x <In a=—""— n(b) < x <In(c)

Which gives

(b—-a)
¢ —exp(x)
c—b '’
Square root of a fuzzy number: Let X = [a,b,c] be a positive fuzzy number. Then, a, =
[(b—a)a+ a,c— (c—b)a]. To calculate square root of the fuzzy number X, we first take the
logarithm the a-cut of X using interval arithmetic

\/a_xz\/[(b—a)a+a,c—(c—b)a] =J(b—a)a+a,Jc—(c—b)a (3.8)

To find the membership function u ~(x) we equate to x both the first and second component in (3.8)

which gives

x=+y(b—a)a+a &x=/c—(c—b)a
Now, expressing « in terms of x and setting @« = 0 and a = 1 in (4.8) we get a together with the
domain x.

PO —a ) < x < In(b)
Hin(x) (x) =

In(b) < x < In(c)

2 2
xX“—a c—x
a= vas<x<+vb&a=

b—a) 5 \/ESxS\/E

Which gives
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(x*—a
I(b—a) \/anS\/E
pyz(x) _4C
—5’ \/ESXS\/E

nth root of a fuzzy number: Let X =[a,b,c] be a positive fuzzy number. Then, a, =
[(b —a)a + a,c — (c — b)a]. To calculate nth root of the fuzzy number X, we first take the nth root
the a-cut of X using interval arithmetic

’Va_xz VIibb—a)a+a,c—(c—bal=(b-a)a+a="/c—(c—ba (3.9)

To find the membership function u ~(x) we equate to x both the first and second component in (3.9)

which gives

=Yb—a)a+a & x="c—(c—ba
Now, expressing a in terms of x and setting @« = 0 and @ = 1 in (4.9) we get a together with the
domain x.

x"—a n c—x" n n
a= ) \/_<x<\/—&a— ) Vb <x < %c
(b—a) —b
Which gives
n_
i a, Ma<x<Wb
_Jb—-a)
’%/_(x)— c—x"
\ , Vb<x<ic
c—b
Example 3.6:

If X =[1,2,4]and Y = [3,5,6] be two fuzzy numbers whose membership functions are

x—1 1<x<2
=14 —

#x (%) zx 2<x<4
x—3

p) =i 3S¥SS

6—x 5<x<6
Then, ay = [1 + a,4 — 2a] and ay = [3 + 2a, 6 — ] are the a — cuts of fuzzy members X and Y
respectively.

ay+ay =[1+a,4—2al+[3+2a,6—a] =[4+3a,10 —3a] (3.10)
Wetake x =4+ 3a Andx = 10 — 3a
Now, expressing « in terms of x and setting « = 0 and @ = 1 in (3.10) we get a together with the
domain x.

x—4 10 — x
a = 3 4<x<7 &a-= 3 <x<10
-4
_ 4<x<7
by () =43
X+Y 10—X
3 7<x<10

ay—ay =[1+a,4—2a]l—[3+2a,6—a] =[2a—5,1—4a] (3.11)
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Wetakex =2a —5Andx =1 —4a
Now, expressing a in terms of x and setting « = 0 and @ = 1 in (3.11) we get a together with the
domain x.

x+5 1—x
a= ,—5<x<-3 &a=—-,-3<x<1
2 4
x+5
> —-5<x<-3
px—y(x) = 1—x
7 —-3<x<1

ayxay =[1+a,4—2a] *[3 +2a,6 —a] = [2a? + 5a + 3,2a? — 16a + 24] (3.12)
We take
x =2a? + 5a + 3 And x = 2a? — 16a + 24
Now, expressing a in terms of x and setting @ = 0 and a = 1 in (3.12) we get a together with the
domain x.

—5+25-4x(2)3—x) —-5+V1+8x

= = <x<1
a 552 2 , 3<x<10
and
16 — /256 — 4+ (2)(24 —x) 8—+/16 + 2x
a= ‘/ () )= , 10<x<24
2% 2 2
( 5+\/1+8x
4' , 3<x<10
* X) =
ey (1) = |8 — \/16+2x
k <x<24
a, 1+a,4—-2a 1+a 4—-2a
o ] R e
a, —a,3+ 2a 6—a 3+ 2a
We take

1+a 4-2a
x=— Andx =
6—a 3+2ax

Now, expressing « in terms of x and setting « = 0 and @ = 1 in (3.13) we get a together with the
domain x.

_x-11_ 2. 4-3x 2 4
TRl Te g SR

6x —1 1 2

, -<x<-

1+x 6 5

ﬂX/Y(x)'— 4 — 3x 2 4

- <x<-<

2(1 + x) 5 3
L ! = ] 3.14
a, [1+a,4-2a] 4-2a'1+a (3.14)

We take

1 1
x=——and x = —
4-2a 1+a
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Now, expressing a in terms of x and setting ¢ = 0 and a = 1 in (3.14) we get a together with the
domain x.

C4x—1 1_ <1& 1-x 1_ <1
¥=Tox 0 =X EeeTT T g=AS
4x — 1 1 1
> 1=%=3
.ul/X(x)_ 1—x 1
, —-<x<1
X

exp(ay) = exp([1+ a,4 — 2a]) = [exp(1 + a),exp(4 — 2a)] (3.15)
We take
x =exp(l+ a)and x = exp(4 — 2a)
Now, expressing « in terms of x and setting « = 0 and @ = 1 in (4.15) we get a together with the
domain x.
4 — Inx
> exp(2) < x < exp(4)
Inx —1, exp(1) < x < exp(2)

x) =14 —Inx
Hexpon (%) — exp(2) < x < exp(4)

a,=In[l+a,4—2a] =[In(1+a),In(4 - 2a)] (3.16)
We take x = In(1 + @) And x = In(4 — 2a)
Now, expressing a in terms of x and setting @ = 0 and a = 1 in (3.16) we get a together with the
domain x.

a=lnx—1, exp(l) < x <exp(2)&a =

4 — exp(x)

a=exp(x)—1, ln1§x§ln2&a=#, n2 <x<lIins
exp(x) — 1, In1 <x < In2
Hinx (x) = {4 — exp(x)

> , In2 <x<lIin4

J& = [J1+a,4—2a] = [J(1 +a), /(- 2a)] (3.17)

x=+(1+a)And x =.,/(4 - 2a)
Now, expressing « in terms of x and setting « = 0 and @ = 1 in (3.17) we get a together with the
domain x.

We take

4 — x?
B
x2—1, 1<x<+2
pyz(x) =14 — x?
2

a=x2-1, 1<x<V2&a-= V2<x<2

While
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Multiplication of Fuzzy set by a crisp number: Assume A(x) be a fuzzy setand A is a crisp number,
then 1. A(x) = {(x,/l.A(x))) ,X € X}

4 Fuzzy Numbers in the set of integers:
When the membership function a = u,(x) has argument x € Z, where Z is the set of integers the

projections of the a-level intervals (a — cuts), A, € [a'%, a{] belong to Z.

To represent a fuzzy member A with maximum in Z as

A=la,a,] = {al,aial),agaﬁ, ....,aga”),aM, aga”), ...,ag%),agal),az}
The membership function @ = p4(x)
X | a, agal) aga”) ay aga") agal) a,
a | 0 o an 1 an aq 0
Where 0 < a; < a < -+ < ap < 1. The point (ay, 1) is the maximum of A.

(ap)

“i), a;), (a, “, a;) and all points of levels higher than «;

The a; —level consists of the endpoints (ag

projected on level «;; we denote it by

A, = {aiai), al®), @\ g, ql"#0, aga")}
a
Example: 4.1 Consider the incomplete fuzzy number A in Z given by the table
[x] o 1 2 3 4 5 6 7
la] 0 01 03 08 1 07 0.3 0
Graphically shown that, at the levels a = 0.1,0.7,0,8 only one endpoint is given. Applying the
procedure of redefining above and incorporating in addition the level « = 0.5, obtain the extended
table

A

[x]o 1 2 3 3 3 4 4 5 5 6 6 7
|« 0o 01 03 05 07 08 1 08 07 05 03 01 0
The supplemented points are marked by circle in above circles. For instance, at level levels « = 0.1

the right endpoint is missing. We use instead the right endpoint 6 of next higher level a = 0.3.
Similarly, we find the point 3 at level levels « = 0.7 and the point 4 at level levels a = 0.8. level
levels a = 0.5 is not presented initially. We use the endpoints at the higher level levels ¢ = 0.7..i.e
3and 5.

The fuzzy number A is a discrete function while the complete fuzzy number is a relation since for
each x = 3,4,5,6 there corresponds more than one value for levels «

Example 4.2: Consider the table

A

Yl -3 —2 -1 0 1 2

X
1]0 0 0 0 o0 0
o | 0o 02 04 04 02 0
1|0 04 08 1 06 O
2 | o 02 06 08 06 0
3 o 0o o o o 0

The table represents an incomplete fuzzy number A in Z2. To complete a level, we have to project
the points at higher level. The a — level domain or @ —cuts of the complete fuzzy number in Z?2 are
presented below.
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Y1 -3 =2 -1 0 1 2
X
1]l0 0 0 0 o0 0
ol 0 0 o0 0 0 0
110 o o o0 o 0
2 |l o o o o0 o 0
3 /0 0 0 0 0 0
Yl-2 -1 0 1
X
0 |02 02 02 02
1 |02 02 02 o2 OZcut
2 |02 02 02 02
Yl1-2 -1 0 1
X
0 04 04 04
1 |04 04 04 o4 O4cut
2 04 04 04
Y1 -1 o 1
X
1 | 06 06 06 0.6-cut
2 | 06 06 06
Y1 -1 o0
X
1 0.8 0.8 0.8-cut
2 | o8
Y1 o
X
1 1 1-cut
Example 4.3: Consider the discrete fuzzy numbers A and B
A lxl=2 -1 o 1 2
a|l 0 03 08 1 03
g lxlo 1 3 4 5
a 03 07 1 02 0

Represent these tables, it is noticed that, they are incomplete and incompatible. To make them
compatible by using the redefine procedure. We construct the completed tables.

A2 -1t 0o 0 1 2 2
al0 03 08 1 1 03 0
| x] o o 0 1 3 3 4 5

[al 0o 02 1 07 07 1 02 0
Example 4.4: Consider the discrete fuzzy numbers A and B in Z

Ao |x [ -2 0 1 2 4 6
- |« 0 0.2 0.5 1 07 |02

s x| 0 [ 2 3 4 5 6 7 [8
~ [ a]o03]05] o8 1 [ o5 [ 03 020

Then, for @« = 0.2,0.3,0.7 and 0.8, find [A + B], and [A — B],
| lx[-2]o0o ] 1] 1 J2f]2f2[]2[4] 4 [4] 6 [6]
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Alal| 0 |02]03 | 05 |07|08|1|08]|0.7 0.5 03] 02 |0

~
=~

B |[x|0] 0 0 2 3 3 4 |4 4 5 6 7 8
~ |« 0]02]03]05[07]08| 1 |08]07] 05 [03]02] 0

[A+ Bl, =As + B,

Ifa=02:[A+ Blo; = Aoz + Boz =[0,6]o2 +[0,7]o2 =[0,13]o
Ifa =0.3:[A+ Blos =403+ Bos =[14]o3 + [0,6]03 = [1,10]03
Ifa=0.7:[A+ Blo; = Ao7 + Bos = [24]07 + [34]0.7 = [5,8]07
Ifa = 0.8:[A+ Blog = Aog + Bog = [2,2]05 + [3/4]0.7 = [5,6]0s

[A—Bla =As— By

If @ = 0.2:[A - Blo, = Aoz — Bo2 = [0,6]02 = [0,7]0.2 = [-7,6]02
Ifa =0.3:[A—Blos =403 — Bos = [1,4]03 — [0,6]05 = [~54]03
Ifa =0.7:[A = Blo; = Aoy — Bo7 = [2,4]07 — [34]07 = [-2.1]07

If @ =0.8:[A—Blog = Aos — Bosg = [2,2]05 — [3:4los = [-2,—1]os

5 Fuzzy Relations: Consider the cartesian product A X B = {(x,y)| x € A,y € B}

Where A € U; and B € U,, the fuzzy relation on A X B is denoted by R, or define as the set
R = {((x:J’),.UR(x,)’))Kx,J’) EAX B'.Uje(x;)’) € [0'1]}

Example 5.1: If

R = {((le yl)! Ol)! ((le 3’2); 02)! ((le 3’3); 01)! ((xZJ yl)' 03)' ((xZJ yZ)' 05)' ((XZ, y3)' 04)}
Can be written as

X Y ‘ Yi Y2 V3
x; | 01 02 01
x, [ 0.3 05 04
Remark
Identity Relation I is defined for all (x,y) € A x B by membership function as follows
1 forx=1

I = =
H { 0 otherwise
5.1 Basic Operation on Fuzzy Relation: Let R, and R, be two fuzzy relations on A X B such that:

Ry = {((6), 12, () (%, ) € A X B, iz, (x,) € [0,1]}

Ry = {(C6.3), 2, (6. 3)) [(x,¥) € A X B, (x,y) € [0,1]}
5.2 Equality:R, = R, if and only if for every pairs (x,y) € A X B, ug, (x,¥) = pz,(x,y)
5.3 Inclusion: If for every pairs (x,y) € AX B, ug, (x,y) < ug,(x,y), then the relation R, is
included in R, Ry S R, if at least one pair (x,y) such that uz (x,y) < ug,(x,y)
Example 5.2: For the relations, if R,and R, are presented in the following tables respectively:

y
X B4 V2 Y3
X1 0 0.2 0.6
Xy 0.4 1 0.8
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y
X | 1 V2 V3
X1 01 0.2 0.7
Xy 0.5 1 0.9

ur, (x1,¥1) = 0 < ug, (x1,y1) = 0.1, ug, (x1,y2) = 0.2 = ug,(x;,y,) = 0.2
pr, (x1,y3) = 0.6 < g, (x1,¥3) = 0.7, ug, (x2,y1) = 0.4 < pg, (x2,y1) = 0.5
i, (X2, ¥2) = 1.0 = pg, (x2,¥2) = 1.0, ur, (x2,¥3) = 0.8 < pg, (x2,¥3) = 0.9. Therefore, R; C
R,
Complementation: The complement of a relation R, denoted by R is defined by uz(x,y) =1 —
g (x, y)
The Intersection: The intersection of a relation R, and R, is defined by
Hr,nr, (%, ¥) = min{ug (x,y), uz,(x,¥), (x,y) € A X B}
The Union: The union of a relation R, and R, is defined by
Hr,ur, (X, ¥) = max{ug, (x,¥), Uz, (x,¥), (x,y) € A X B}
Example 5.3: Consider relations R, and R, are given by the following tables respectively

1 V2 V3

x, | 0 01 02
x, | 0 07 03
x; | 02 08 1

1 V2 V3

x;, | 03 03 02
x, |05 0 1
x; | 07 03 01

R, =
X Y V1 V2 Y3
X1 1 09 0.8
Xy 1 03 0.7
X3 08 0.2 0
R, =

1 V2 V3

x;, | 0.7 07 08
x, |05 1 0
x; | 03 07 09

HUR.nR, (x,y) =

y
X B4 V2 Y3
Xq 0 01 0.2
Xy 0 0 0.3

X3 02 03 01
HR,uR, (x,y) =
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x Y | 1 V2 V3
X1 03 03 0.2
Xy 05 0.7 1
X3 0.7 0.8 1

5.4 Direct Product:
If the fuzzy relations are reduced as fuzzy sets as:

Alx) = {(x,,uA(x)),uA(x) €[0,1],xeAc Ul}

&

B(x) = {(x,up(x)), up(x) € [0,1],x € B € Uy}
The cartesian product A x B = {(x, y), min(g, (x), uz(x)), (x,y) € A x B}
Whereas, the direct product A x B = {(x, y), max(u,(x), uz(x)), (x,y) € A x B}
Example 5.4: Given the fuzzy sets

Ry = A(x) = {(x1,0.4), (x2,0.6), (x3,0.1)} & R, = B(x) = {(y1,0.3), (y2,0.5)}

To find direct min Product and direct max direct as
Min product: A X B =

X Y yr Y2
x; | 03 04
x, | 0.3 05
x3 | 0.1 0.1
Max product: A X B =
X Y Yy Y2
x, | 03 04
x, | 0.3 05
x3 | 0.1 01

5.5 Projections of a fuzzy Relation:
Assume the fuzzy relation R = {(x,y), uzr(x, y)}, if the first projection of R is defined as

RD = {(x,y), upw (x,y) = {(x, max ug (1)) (x, ) € A x B}
The second projection of R is defined as

R = {(x6, ), iz (x,y) = {(v, max pz(x, y)|(x,y) € A x B}
The total projection is defined as R(™ = mxaxman{ﬂ:R(X, y)|(x,y) € A X B}.

Example 5.5: For the following relation R find the first, second and total projections if,

R |y Y2 Y3 Ya Y5 Yo RD

x, | 0 01 03 07 09 1 1
x, | 08 06 04 02 0 02 08
R®|0.8 06 04 07 09 1 1=R®

RM ={1,0.8) & R® = {0.8,0.6,0.4,0.7,0.9,1}, R™ =1
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Among all those relations having a common projection is called cylindrical extension of the
projection. In the previous example the cylindrical extensions of both R and R are presented in
both tables below:

C(Ry) Yi Y2 Y3 Ys Vs Ve

X 1 1 1 1 1 1
x, |08 08 08 08 08 0.8

C(R;) Yi Y2 Y3 Ya Vs Ve

x, |0.8 06 04 07 09 1
x, |0.8 06 04 07 09 1

5.6 Max-Min and Min-Max Compositions
The operations composition combines fuzzy relations in different variables if (x,y) & (y,2); x €

A,y € B,z € C. Consider the relations
R1(x,y) = {(x,¥), 1z, (6, )| (x,y) € AX B} &Ry (y,2) = {(¥,2), iz, (v, 2)|(y,2) € B X C}
The Max-Min composition denoted R, o R, with membership function uz .z, is defined by

R o R, = {(x,2), max (min (,uRl 6, ¥), uz,(, Z))) ,(x,z) EAXC,y € B}

Hence it is a relation in the domain A x C
Example 5.6: The Fuzzy Relation s are given by

Ry V1 Y2
X1 06 05
X, 0.1 1
X3 0 0.7
R, Z; Z, 7
Vi 0.7 03 04
Vs 09 01 06

min (MiRl (xll y1); ,ujez (yl, Zl)) = mln(06’07) — 06

min (MiRl (xll yz): ,ujez (yz, Zl)) = mln(OS’Og) — 05
Max(0.6,0.5) = 0.6

min (MiRl (XZJ y1); ,ujez (yl, Zl)) = mln(01’07) — 01

min (ur, (X2, ¥2), i, (2 71) ) = min(1,0.9) = 0.9
Max(0.1,0.9) = 0.9

min (g, (3, Y1), fiz, (1,21) ) = min(0,0.7) = 0

min (.uR1 (-x31 yZ)) ,ujez (yz,Zl)) = mln(07’09) — 07
Max(0,0.7) = 0.7
The rest we follow same procedure, we obtain
X1 06 03 05
X7 09 01 06
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Example 5.7: If fuzzy sets

X3

0.7

0.1 06

X ={(x1,0.4), (x2,0.6), (x3,0.5)}and Y = {(y,,0.2), (y,,0.8), (y3,0.4)}, then
1. Find Cartesian product of these fuzzy sets
2. Write the Cartesian product of X and Y in the matrix form. Find the first projection (over X), second
projection (over Y), cylinder extensions according to first projection and second projection
1) Then, X X Y = {(x;,0.4), (x5, 0.6), (x3,0.5)} X {(y4,0.2), (y,,0.8), (y3,0.4)}
((Xp Y1), 0-2); ((xl» y2), 0-4)' ((xlr V3), 0-4),
=1 ((x2,91),0.2), ((x2,,),0.6), ((x2,¥3),0.4),
((x3, Y1), 0-2); ((x3, Y2), 0-5): ((xs' Y3), 0-4)

2)
| XxY vy | v, | Vs |
X 0.2 0.4 0.4
X, 0.2 0.6 0.4
x 0.2 0.5 0.4

3
First projection R™® = (0.4, 0.6, 0.5

The second projection

)T, R® = (0.2, 0.6 0.4),R(T) = 0.6

‘ C(R(l)) V1 ‘ V1 ‘ V3 ‘
X1 0.4 0.4 0.4
X, 0.6 0.6 0.6
X3 0.5 0.5 0.5
‘ C(R(Z)) V1 ‘ V1 ‘ V3 ‘
x4 0.2 0.6 0.4
X, 0.2 0.6 0.4
X3 0.2 0.6 0.4
Therefore, RCC(R™) and RCC(R@)
Example 5.8:
Suppose that the universe X, Y, Z and T are given as X = {xq, x5, x3}, Y = {y1, V2, ¥3}
Z ={zy,25,23} and T ={t;,t,,t3}. Let us consider three fuzzy relations R,
XXYandR, onY X Z and R; on Z X T such as:
1 04 0.6 03 0.7 09 04 03 05
R, = (O.S 0.8 0.7>, R, = (0.6 0.4) and R; = (0.8 0.2 0.7).
09 06 1 02 09 1 06 03 1
Then, R, o R, « R; =? ( o denotes max-min operation, e denotes min-max operation)?
0 06 04 0.7 03 0.1 06 03 0.1
Ri°R, =,R[dR, = (0.5 0.2 0.3) L] (0.4 0 0.6) = (0.4 0.2 0.3)
01 04 O 08 01 O 04 01 O
06 03 0.1 04 03 0.5 06 03 0.6
RioR,eR3 = (0.4 02 03] <0.8 0.2 0.7) = (0.4 0.2 0.5)
04 01 O 06 03 1 04 02 05
Example 5.9: Consider the discrete fuzzy numbers A and B in Z.
A= x | -1 0 1 3 4 [5]6]7
a 0 0.4 0.5 0.8 1 0.6105]0.2
B= X 1 2 3 4 5 6 7 8
a 0.2 0.3 0.7 0.9 1 0.8 0.2 0
Then, find [A + Blye, [A— Blos Ve [ABlo7
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Alx|-1,0]0] 0 1 13|33 |4|4|4|4]|]5]|6]6]|7
~|a| 01]]02/03/04[/05|/06]07(08|1/09]08|07]/06[04]03|02]|0

~

~

B|x|1|1]|2|3]|3[3|3|4|4|5|/5|6]6|6|6]|6]|6 |7

02/03]04[{05/06]07/08]08/1]09/08|0.7]/06/05]04]03[02| 0

Q
R
o

[A+ Blos = Aos + Bos = [3,5]06 + [3,6]06 = [6,11]06
[A—Blos = Aoz — Bo3z =1[0,6]03 +[—6,—2]03 = [~6,4]03
[ABlo7 = Ao7Bo7 = [3,4][3,6] = {min[9,18,12,24], max[9,18,12,24]} = [9,24],,

6 Conclusion

This paper focuses on three cases on fuzzy sets, operations on fuzzy sets, fuzzy numbers and fuzzy
relations. The results of the study warrant researchers how to figure out in fuzzy set-in n- dimensional
and think about fuzzy graphs in generalized. The results in this study are not only important to using
relations in fuzzy sets and numbers in creating adaptive intelligent learning, but deriving us also to
look at cluster fuzzy sets in our plan as future work.
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